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1 Introduction

The study of integrable structures in the AdS/CFT correspondence [1-11] has now devel-
oped to a point where the exact solution of the planar spectral problem seems to be a
concrete possibility [12-24]. A recent step in this direction was taken in [25], where the
S-matrix describing the scattering of arbitrary bound states of the theory [26] has been
obtained by employing the Yangian symmetry! [28-38]. In turn, the knowledge of the
exact scattering matrix for generic states in the spectrum might be essential for better
understanding the TBA approach [39].

The S-matrix found in [25] has a very interesting yet complicated structure. Under-
standing this structure could reveal a great deal of information on the underlying theory,
by adopting the same ideology as for the case of the S-matrix for fundamental magnons.
One immediate consequence of the result of [25] is that the S-matrix for arbitrary bound

states is, by construction, given by a formula of the type
R=APA

for a certain (super)matrix A. This naturally realizes the idea of factorizing (Drinfeld’s)
twists [40], and expresses the “triangular” factorization of the S-matrix.?

!For interesting recent developments connecting Yangian symmetry and scattering amplitudes, see [27].
2We remark that, even in the case of the fundamental magnon S-matrix, this fact had not been explicitly
shown before.



Given the overall difficulty of the problem, it is natural to start from reducing the
S-matrix to smaller subsectors, and trying to reconduct them to well-understood mathe-
matical objects. One expects the complete algebraic structure responsible for integrability
to be some complicated and likely new type of quantum supergroup, whose properties have
so far only appeared as pieces of a bigger puzzle. We intend to provide here another set of
such pieces, coming from selected subsectors of the bound state S-matrix.

Our first focus will be on a particular subspace of states, which was the essential start-
ing point of the construction in [25]. This is the space of bound states of the form (2.3)
(Case I). The S-matrix transforms these states among themselves, with amplitudes con-
trolled by a hypergeometric function (see (3.2) below). Since only the bosonic indices are
allowed to be transformed, these states naturally host a representation of one of the su(2)
(the “bosonic” one) inside the (centrally-extended) psu(2|2) Yangian, and it is a natural
question to ask whether the S-matrix in this subspace is the representation of the univer-
sal R-matrix of the su(2) Yangian double, DY (su(2)). We will show that this is indeed
the case. This will be done by using the suitable evaluation representations for Drinfeld’s
second realization of DY (su(2)), originally obtained by [41], in the operator formalism
of [42]. We will then obtain explicit expressions for the corresponding R-matrices in terms
of hypergeometric functions.

We remark that the universal R-matrix and its realization in concrete representations
is a well-studied subject in the mathematical literature, see e.g. [41, 43]. Here we will
work out the expression for the universal R-matrix evaluated in generic finite-dimensional
representations of su(2) in our particular basis, suitable for comparison with the blocks of
the bound-state scattering matrix. After completing the necessary steps, we will provide
satisfactory evidence that these expressions match with our formula for the S-matrix (3.2)
governing the scattering of Case I states. This matching ought also to be expected in view
of the connection of the hypergeometric function in (3.2), shown to be related to a certain
67-symbol in [25], to knot theory and solutions of the Yang-Baxter equation [44].

Moreover, one can notice, by analyzing the result of [25], how ubiquitous the amplitudes
2 (3.2) are in the S-matrix for both Case II and Case III, since by construction the
latter is derived from the Case I amplitudes. These factors basically encode how the tail of
bosonic states composing the bound states transform, with the fermions acting temporarily
as spectators. The fact that we can interpret these fundamental building blocks as coming
from the universal R-matrix of su(2) suggests that the latter could be a genuine factor of
the full universal R-matrix.

As a second task, we will focus on subspaces consisting of states with only one species
of bosons and one species of fermions. These are other (four) subspaces, closed under
the action of the S-matrix, and “transversal” to the Cases listed in [25]: namely, they
contain vectors from Case I, II and III, as we will explain below. These subspaces host
representations of gl(1]|1), and we will show that the S-matrix in these blocks can be
obtained from the universal R-matrix of the gl(1|1) Yangian double, DY (gl(1]1)). We
will construct the general bound state representation for (Drinfeld’s second realization of)
DY (gl(1]1)), and then match with our results from [25]. The novelty with respect to the



su(2) case is represented by the necessity of making an unusual choice of the evaluation
parameter of the Yangian. This is an indication that these states, when scattering among
themselves, respect an “effective” gl(1|1) Yangian symmetry, whose parameters somehow
encode the effect of the yet-unknown superior structure of the full universal R-matrix.

The paper is organized as follows. We will first summarize the structure and the main
features of the bound state S-matrix constructed in [25]. We will also concisely review some
notions concerning Drinfeld’s first and second realization of the Yangian. We will then
single out the su(2) and the various gl(1]1) subspaces, respectively. We will summarize the
corresponding Yangian representations for arbitrary bound states, and explicitly evaluate
their universal R-matrices, matching with our previously obtained results. We will conclude
with an appendix, containing some computational details.

2 Structure of the bound state S-matrix

In this section, we report a summary of the results of [25], with the aim of fixing the
notation and as a motivation to investigate the universal structure of the bound state
scattering matrix.

We represent the algebra and the S-matrix action in the superspace formalism. One
considers the vector space of analytic functions ®(w, ) of two bosonic variables w2 and
two fermionic variables 03 4. Any such function can be expanded as

O(w,0) =Y By(w,0),
=0

_ ai...a ay...ap_1o
Dy = ¢ Wy« W, + ¢ 1%y - Way O +

P 1e=2Byy wa, L0405 (2.1)

The representation that describes f-particle bound states is 4¢ dimensional. It is realized
on a graded vector space with basis |€q,..a,); [€a;...as_1a)s |€ar...ap_sa8), Where a; are bosonic
indices and «, § are fermionic indices, and each of the basis vectors is totally symmetric in
the bosonic indices and anti-symmetric in the fermionic indices. In terms of the above ana-
lytic functions, the basis vectors of the totally symmetric representation can be identified as
|6a1.~~az> < Way - - - Way, |6a1~~~ae71a> © Wq, - .- Wq, ,0a and |eal---W—1aﬁ> © Wa, - Wa,_,0a03,
respectively. In other words, one can find the atypical totally symmetric representation
describing ¢-particle bound states by restricting to terms ®,. We refer to this basis of
vectors as the “standard” basis.

We denote the bound state numbers of the scattering particles as £; and f5, respec-
tively. The tensor product of the corresponding bound state representations in superspace
is given by:

Dy, (wae)q)b (0’19)’ (2.2)

where w, # denote the superspace variables of the first particle and v, describe the rep-
resentation of the second particle. Because of su(2) x su(2) invariance, when the S-matrix
acts on such a (tensor-product) bound state representation space, it leaves five different
subspaces invariant. Each of these subspaces is characterized by a specific assignement of



su(2) x su(2) Dynkin labels, which are quantum numbers that are trivially conserved during
the scattering. Two pairs of these subspaces are simply related to each other by exchanging
the type of fermions appearing, as described below. Therefore, only three non-equivalent

cases are given, which we list here below.
Case I. The standard basis for this vector space, which we will concisely call V!, is

k1)t = ngfl_k_lwéi 7932}{24_12}%, (2.3)

Spacel Space2

for all kK +1 = N. The range of k,[ here and in the cases below is straightforwardly read
off from the definition of the states. In particular, in (2.3) k ranges from 0 to ¢; — 1, and [
ranges from 0 to 5 — 1. For fixed IV, this gives in this case IV 4 1 different vectors. We get
another copy of Case I if we exchange the index 3 with 4 in the fermionic variable, with

the same S-matrix.

Case II. The standard basis for this space VI is

1 = B o~
N——

]k,l>121 :wf1 kwé‘ J3 ve2 -l 11)2,
—_——— %,_/

[k, DY = 3wy ™l gda0p T e

mw4_@9%1kw§{mﬁfH@, (2.4)

~~

where k +1 = N as before.? It is easily seen that we get in this case 4N + 2 states. Once
again, exchanging 3 with 4 in the fermionic variable gives another copy of Case II, with

the same S-matrix.
Case III. For fixed N = k + [, the dimension of this vector space VI is 6N. The
standard basis is

mnmr — , -k, k 0 l
|k, DI = wh =Rl o2k
—_——— ——

|k:,l>£H wal kwé“‘ 9 7942}[2 =1 l 1,
—_———

ke, DAL = 030,wh 1wk~ 11 vl |

IH — l1—k—1 k-1 lo—1—1 1—-1

|k:,l>£H = ngfl_k_lwé“‘ Uy 1)62 —lyl= 1,

|k, el = 94wf17kw§711 Davf2 Il (2.5)

N~

The different cases are mapped into one another by use of the (opposite) coproducts
of the (Yangian) symmetry generators.

3We will from now on, with no risk of confusion, omit indicating “Space 17 and “Space 2” under the
curly brackets.



The S-matrix has the following block-diagonal form:

24

0
S = EZ/W . (2.6)
0 24

The outer blocks scatter states from V1

2 vt — v (2.7)
k+1

B, 0" = Y 2 m k1= m), (2.8)
m=0

where 25! is given by eq. (4.11) in [25]. We will report its explicit expression in the next
section, formula (3.2). The blocks % describe the scattering of states from VI

/20 A Ve (2.9)
k+l 4 )
B0 = SN @ m k1 —m) (2.10)
m=0 j=1

These S-matrix elements are given in eq. (5.18) of [25], but we will not need their explicit
expression here. Finally, the middle block deals with the third case

gyt oy (2.11)
k+l 6 )
B DM = SO # m k1 —m)j, (2.12)
m=0 j=1

with ffﬁi] from eq. (6.11) in [25]. Similarly, these expressions are not needed for the sake
of the present discussion, and we refer to [25] for their details.

We recall that the full AdSs x S° string bound state S-matrix is then obtained by
taking two copies of the above S-matrix, and multiplying the result by the square of the
following phase factor [42, 45]:

) 4

2o\ 2 /et 2 b1
So(p1,p2) = <ﬁ> <é> o(z1,72)\/G(la — 01)G(lz + £1) H G(ly — 1 +2q), (2.13)
q=1

where, in our conventions,
U — U + %

G(Q) = —- (2.14)
Uy — Uy — Dl
Here, w is given in the standard variables by

=

_ 9 + 1 — 1



3 Invariant subspaces

We will describe here in detail the two type of subspaces of states we will be focussing our

attention on.

3.1 The su(2) subspace

The first subspace is given by states belonging to Case I in the above classification. We
remind that the psu(2|2) algebra has two (“bosonic” and “fermionic”, according to the
indices they transform) su(2) subalgebras, with generators LL§ and R%‘, respectively. The
first ones satisfy the following commutation relations:

[Lab’JC] = 5£Ja - %52«]](3
1
L2 = —500 + 200 (3.1)

The states from Case I form a natural representation on which the “bosonic” su(2) sub-
algebra of ILy’s acts. The latter transforms the bosonic variables, and leaves the only two
(equal-type) fermions presents as spectators. Furthermore, the Case I S-matrix satisfies the
Yang-Baxter equation by itself, and it is of difference form up to the overall scalar factor
D. This means that such S-matrix should naturally come from the universal R-matrix of
the su(2) Yangian double [41]. The Case I S-matrix is given by [25]

sin[(k — )7 (1 + 1)
sin[lym]sin[(k + 11—l —n)w|]T(l — o+ 1)'(n + 1)

r(n+1—el)r<z+%—n—5u>r(1—%—5u)

25t = (=)D

(3.2)

X

P (k41— 852 —out1)T (452 - ou)

by — Uy by — 1

x4 F3 (—k, —n,0u+1— 5 5

—5u;1—€1,€2—kz—l,l—n—|—1;1>,

where one has defined 4 Fs(z,y, z, t; 7, v, w; ) = 4 F3(z,y, 2, t; 7, v, w; 7) /[L () (v)['(w)] and

xT —xd ei%
e (3.3)

D= + — k2
Ty — Ty 72

The quantity du equals u; — ug, with u given by (2.15). One can check that this S-matrix
satisfies the YBE, and we will indeed show that this formula coincides with what one obtains
from the Yangian universal R-matrix [41], with the same evaluation parameter u (2.15).

3.2 The su(1]|1) subspace

The other subspace we will consider is obtained by restricting the bound states to having
bosonic and fermionic indices of only one respective type. For definiteness, we will take
the bosonic index to be 1 and the fermionic index to be 3. There are four copies of this
subspace, corresponding to the four different choices of these indices we can make. The
embedding of this subspace in the full bound state representation is spanned by the vectors

{10,001, 10,0, |0,0)%, 10,0)"} . (3.4)



As one can see, this subspace takes particular states from all three Cases listed above,
yet being closed under the action of the S-matrix. This means that the S-matrix for this
subsector corresponds to a block-diagonal 4 x 4 matrix. The two Case II states mix with
an S-matrix given by formula (3.15) in [25]. The amplitude for the Case III state present
is normalized to 1, while for the Case I state it is simply the factor D (3.3). Putting this
together, one obtains

1 0 0
—i2 2{ —af Van(py) #3 —
0 L i O
S=1, &2 Vo ri-ar  %a-z 0 (3.5)
¢i's Vln(pr) zf —zy of —zy
0 0 0 L s
=+ — .

)
Ty =Ty "2

We remark that, taken in the fundamental representation, and suitably un-twisted in order
to eliminate the braiding factors coming from the nontrivial coproduct [46-48], this matrix
coincides with the S-matrix of [49]. It is readily checked that this matrix satisfies the Yang-
Baxter equation by itself, therefore it is natural to ask whether it is the representation of
a known (Yangian) universal R-matrix.

In the remainder of the paper we will discuss the universal R-matrices for the Yan-
gian doubles associated to su(2) and gl(1|1), and show that they coincide with the above
discussed bound state S-matrix blocks [25]. The construction relies on Drinfeld’s second
realization of the Yangian, which we will review in the next section.

4 Drinfeld’s realizations of the Yangian

In this section we report, for convenience of the reader, the defining relations of the Yangian

4

of a simple Lie algebra g, in Drinfeld’s first and second realization.* For a thorough

treatment of the subject, the reader is referred for instance to [44, 53-55].

The first realization [56] is obtained as follows. Let g be a finite dimensional simple
Lie algebra generated by 34 with commutation relations [JA,SB ] = f(’;‘BJC, and equipped
with a non-degenerate invariant bilinear form. The Yangian is the infinite-dimensional
(Hopf) algebra generated by level zero generators J* and level one generators Je

Bl = 4859, (4.1)

(34,3
4,3%) = rar3e, (4.2)

C.J

subject to certain (Serre-relations type of) constraints.

4When superalgebras will be involved, all formulas will be understood in their natural graded general-
ization (see for example [34, 50-52]). The non-simplicity of gl(1|1) will not be an obstacle, as its Yangian
satisfies a similar set of defining relations.



The second realization [57] is given in terms of generators k; fl o E=1, ,rankg,
m =20,1,2,... and relations
[t ms 1] = 0, (001 €| = 015 € (4.3)
[Hi,o,@_,m: = —aij § [5] m> } = 0ij Kjntm,
[’”w’,mﬂ,qn} - [Ki,m,g;:n-i-l: = %aij{“i,m,f;,rn},
["ii,m+17§j_7n} - [Hi,m ;Ml: = —%aij{ﬂz‘mafj_n}
[gszrl? } |:§zm7 jn+1_ =x7 aw{fmu }

i # g, nij = 1+ lagl, Symgy [flkl, {§Zk2,.. [{an , ]l} ” =0.

In these formulas, a;; is the (symmetric) Cartan matrix.

Drinfeld [57] gave the isomorphism between the two realizations as follows. Let us
define a Chevalley-Serre basis for g as composed of Cartan generators $);, and positive
(negative) simple roots € (&, respectively). Also, let us define the corresponding Cartan-

7 )

Weyl basis for g, composed of generators $); and Eéc One has then

Kio = $i, & =€, &0 =&,
Kig = 9 — g, §+ =& —w;, §i1= ¢ —z, (4.4)
where
1 ot vy L2
Vi = 1 (i, B) (Eg Eﬁ + E@ Eﬁ ) — §Hz ) (4.5)
BeAt
1 - Lt
BeA+t
L1 (ad (¢ )E} + Etad ((%‘)) — l{6_ 9} (4.7)
1_45€A+ B e 7P BT Eg VT VR '

Here AT denotes the set of positive root vectors, and the adjoint action is defined as
adz(y) = [, y].

The double of the Yangian admits a universal R-matrix which endows it with a quasi-
triangular structure. Explicit formulas have been given in [41] by making use of Drinfeld’s
second realization. In the general case the expressions are rather complicated, therefore we
will not report them here. We will instead report in what follows the concrete examples

relevant to our subspaces of interest.

5 Universal R-matrix for su(2)

We will now proceed to compute the universal R-matrix for the su(2) block of our bound
state S-matrix, following [41]. The derivation is split up into three parts, corresponding to

the factorization

R=RpRyRF, (5.1)



Rp and Rp being “root” factors, while Ry is a purely diagonal “Cartan” factor. As we
mentioned in the above, one works in Drinfeld’s second realization of the Yangian. The
map (4.4) between the first and the second realization becomes in this case

ho = h, e = ¢, fo= 1,
hy=h—wv, ep =¢é—w, fi=f—z (5.2)
where
— () 1), w=-2{eh),  z=—1{f.h) (53)
PR ’ o4t o4 '
The first realization is given by
[h’e] = 2e, [haf]:_Qfa [e,f]:h,
[iLve] - [h7 é] = 2e, [ila f] - [ha .ﬂ = _2f7 [éaf] = [6, A] = h, (5'4)

and in evaluation representation one has h = uh = w(w20y, — W1y, ), & = ue = u(wydy, )
and f = uf = u(w10y,). By applying Drinfeld’s map (5.2) to this evaluation represen-
tation, one first finds the level 0 and 1 generators of the second realization. For generic
bound state representations they depend on second order derivatives. After some manipu-
lations, one can put the level 1 generators in a simple form, very suggestive of the possible

generalization at level n. This form reads

fn = f <U+ %) s (5.5)
en = e<u+¥>n, (5.6)
hn, = efn — fen. (5.7)

These generators coincide with what obtained in [41] for generic highest-weight represen-
tations of Y (su(2)).
It is easy to check that these generators satisfy the correct defining relations obtained

by specializing (4.3):

(A, B = 0, [em, fn] = hagm,
[ho, em] = 2em [ho, fm] = =2 fm,
[hin+1, €n] = [hans €nga] = {h m7en}
(A1, fol = (s o1l = —{hm, o},
[emt1; €n] — [ems ent1] = {em, en},
[fms1s fn] = s frat] = ={fm, fu}- (5-8)

The universal R-matrix for the double of the Yangian of s[(2) reads

R = RgRyRp, (5.9)



where

Ry = H exp(—en @ fon—1), (5.10)
n>0

—

Rp = H exp(—fn ®e_n_1), (5.11)
n>0

Ry = [Jexp {Resuv [d%(logHﬂu)) ® logH ™ (v + 2n + 1)] } . (5.12)

n>0

One has defined
Resy—y (A(u) @ B(v)) = Y " ap @ b_g_y (5.13)
k

for A(u) = >, apu™""1 and B(u) = >, bpu "1, and the so-called Drinfeld’s currents are
given by

Ei(u) =4 Z epu "t , Fi(u) =4 Z fnu_"_1
n>0 n>0
n<0 n<0
HE(u) =1+ hyu "', (5.14)
n>0
n<0

The arrows on the products indicate the ordering one has to follow in the multipli-
cation, and are a consequence of the normal ordering prescription for the root factors in
the universal R-matrix [41]. For the generic bound state representations which we have
described above, the ordering will be essential to get the correct result, and cannot be
ignored as it accidentally happens for the case of the fundamental representation of su(2).
We will review the computation of the three relevant factors of the universal R-matrix in
appendix A, and report here only the final results in our conventions.

We define the state (A, B)(C, D) as made of an A number of w;’s, a B number of ws’s
in the first space, and analogously C and D for vy, vs in the second space. We also define

o A-B+1
C; = Up 9 7,
c-D-1 .
dz‘ ZUQ—f-FZ,
_— cC-D+1 .
C;i = U2 5 2,
5 A-B-1
di = = ————+i, (5.15)

and

ou = uy — ug.

One has for the factor Rp

[ expl—fo @ e 1nllk 1) = An(A, B,C, D) [k —m,1+m), (5.16)
n>0 m

,10,



with

m—1
B\ /C 1
— m!
T AT 1 e S

The Cartan part is then given by
1-26 20utA+B+C—D+2 20u+B—A+C+D+2
L 2 ) D(* 2 )

Ry (A,B) (C,D) =

P(5U—A+]23+C—D )P((Su—A—I—B;-C—D—f—Q )P(Qéu—A—f—C—D)
ou—A+B—C— Su—A—B+C—
P(Q [ +2B D) F(Q [ 2B—f— D)

X
F( 25u+A+Bi;CfD+2 )F( 25qufB4+C+D+2 )F( 25u+A+i+C+D+4 )

(A, B)(C, D)

= H(A, B,C, D) (A, BY(C, D). (5.18)

Finally, the factor Rp is given by

—

[T expl—en @ fo1nllk, 1) = Bu(A, B,C, D)|k +m, 1 —m), (5.19)

n>0

Bu(A, B,C, D) m!<A> <D> Tj‘f 1 . (5.20)

mj) \m o do—¢co—1+m—1

where

We are now ready to put things together and evaluate the action of the universal
R-matrix of su(2) on Case I states. From formulas (5.16), (5.18) and (5.19), we obtain

min(B,C) min(A,D)+m
Rlk,1) = Z Z Bp(A+m,B—m,C —m,D+m) (5.21)

xH(A+m,B—m,C—m,D+m)Am(A,B,C,D)|k—m+n,l—|—m—n>,
where

A=t —k—1, B =k,
C=tly—1—1, D=1, (5.22)

and the various factors are given by formulas (5.17), (5.18) and (5.20). It is now easy to
convert the above expression into
ket
Rlk,1) = Rypln,k+1—n). (5.23)
n=0
In order to find the amplitudes R,,, we proceed as follows. Taking into account the presence
of binomial factors in the expressions for A,, and B,, which naturally truncate the sum
when m, n lie outside the correct intervals, we can extend the summation indices to run from
—o0 to 0o. In this way, manipulations of the above sums are easier, and one ends up with

R, = E Ap(ly —k =1,k b —1—1,1)
m=—n+k
XHUl —k—14+m,k—m,lo—1—1—m,l+m)

X Bp—pim(li —k—=1+m,k—m,lo —1l—1—m,l+m). (5.24)

— 11 —



The result of the summation can be obtained by restriction to the suitable integer
values of the parameters of the following meromorphic function, expressed in terms of
hypergeometric functions:

R, = a1 [ 6F5(a1, 2, a3, g, a5, a5 1, B2, 03, B, P55 1) + 4
X eFs(an —1l,as —l,az —1l,au —Las — Lag — 1561 — 1,02 — 1,83 — 1,84 — 1, 85 — 1;1)],

where
ar =2+ N —n, ar =1—n, ag =1+4+4; —n,
61 — 62 El - EQ
ap=24+N-n—¥y, a5s=1+N—2n—24du-+ 5 ag=14+1—n—dou-+ 5
and
b+ 7
Br=on —1, =2+ N-222 g,
l—70 b1— 10 b+ 0
O3 =1+ 12 2 —n—0u, B4=24+N-—-n—0du+ 12 2, Os =1+ 1_; 2 _n—du.
We have also defined
(k—n+1)(2N—1 —lo—2n—26u+2) (2N +£1 —lo—2(n+5u—1))((£1 —2(n+5u))2—£3)
- 16(N—n+1)(N—lz—n+1)n(n—=01) 21+ —la—2(n+ou)) J (5.25)
and
ap = _ (=DFrasin((ntD)m) (N—n+1)(N—Lfa —n+1)(n—£1) (2(N —2n—8u) 401 — o) (2(n—1+6u) — 01 +L3)

(F—n+1)(2(N —n—du+1)—1 —L2)(2(N—n—du+1)+€1 —L3)

T(2(N—2n—0u—2)+£01—Ly)\ . of m(2(N=2n—3bu—1)4+01—Lo)\ .. [ 7(2(N—2n—35u)+£L1—{9)
1 1 sim 1

sin( sin

Sin(ﬂ@(nﬂs”gl)*ﬁﬁz) )Sin(W(Q(n*NJrgu)*fﬁfz) )sin( W(Q(W*N+gu)+f1+f2) ) Sin(ﬂ(f1+f2*22(n+5u+1)))

X

I‘(k+1)1‘(22fl)I‘(lfn)I‘(NfZQfn+1)I‘<N+ZngQ 72n75u)1‘<l+£1 2 _n—su

x r(k—%l)F(zv-% —n—5u+1)r(N+% —n—5u+1)r(25“+2jl‘“2 )F(Q“’“r‘j‘l“f2 )

« 42*5“Dsin((n—N+£2)7r) ) (526)
1—,([1+€24+26u>r<€1+€2-226u+2)F(Zl—fg—Qén-Hiu—l) >F<€1+€2—2§L+5u—1) )

The quantity N is again here equal to k + [.

We have checked that this coincides with the r.h.s. of (3.2) for a large selection of
choices of the integer parameters, keeping du arbitrary, when taking into account the
proper normalization. We have in fact, with the notations of [25],

U (L2400 — o+ 20u)) T (22 + b — £1 + 26u))

R, =27 5.27
D (34— 61 — by +26u)) T (41 + o + 26u)) " (5.27)

The ratio of gamma functions appearing in the above formula is the (inverse of the) so-
called “character” of the universal R-matrix in evaluation representations [41], namely its
action on states of highest-weight \; = [; — 1.

As a remark, we notice that the formulas for the coproducts of the generators of
DY (su(2)) (as well as for DY (gl(1]1)) which will be studied next) are explicitly known at
arbitrary level n in Drinfeld’s second realization. It is easy to see that the coproducts of
the level n = 1 generators discussed in this section coincide with the truncation to su(2) of
the general expressions obtained in [34]. This indicates how this smaller Yangian we have
been discussing here can be embedded in the psu(2|2) one.
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6 Universal R-matrix for gi(1|1)

In this section, we focus on four other subsectors of the entire bound state representation
space, closed under the action of the S-matrix. We will show that the S-matrix block(s)
scattering these sectors can be obtained from the universal R-matrix of a Yangian double,
in suitable evaluation representations.

Each of these sectors is obtained by considering bound states made of only one type of
boson and one type of fermion. The algebra transforming the states inside these sectors is
an s[(1|1). As it is known, this type of superalgebras (with a degenerate Cartan matrix) do
not admit a universal R-matrix, therefore we will introduce an extra Cartan generator [58]
and study the Yangian of the algebra gl(1|1) instead.® Let us start with the canonical
derivation, and adapt the representation later in order to exactly match with our S-matrix.

We will follow [41, 59]. The super Yangian double DY (gl(1|1)) is the Hopf algebra
generated by the elements e, f,, hn, kn, with n an integer number, satisfying (Drinfeld’s

second realization)

]
]

[h07 en] = —2e¢,,, [h07 fn] = 2fna
]

[herla fn] - [hma fnJrl] - {hm, fn} = 0,
{em7 en} = {fm7 fn} =0,
{em, fo} = —kmin- (6.1)

Drinfeld’s currents are given by

EEt) =+ et !, FE@l) =+>  fut ", (6.2)

n>0 n>0
n<0 n<0
HE) =14£> hyt™" 1, K5(t) =1+ kot (6.3)
n>0 n>0
n<0 n<0

The universal R-matrix reads

R=RiRiR2R_, (6.4)
where
Ry = H exp(—en @ fopn_1), (6.5)
n>0
R_ = H exp(fn ®e_n_1), (6.6)
n>0

®For the purposes of the universal R-matrix, it will not make any difference to consider real forms of the
algebras when needed.

,13,



Ry =[] exp {Rest:Z [(—1)%(logH+(t)) ®InK ™ (z+ 2n + 1)] } , (6.7)

n>0

Ro = H exp {Restz [(—1)%(logK+(t)) ®@InH™ (24 2n + 1)] } , (6.8)
n>0
and again
Resi—. (A(t) @ B(2)) = Y _ax @b_gy (6.9)
k

for A(t) =3, axt %71 B(z) = >, bz F L

One can show that the following bound state representation, acting on monomials
made of a generic bosonic state v and a generic fermionic state @, satisfies all the defining
relations of the second realization (6.1):

en = N"abo,, fn=A"d vy,
kn = —A"ad (v0, + 00p), hn=A+£€—1)"(v0, — 0y). (6.10)

As usual, we denote by £ the number of components of the bound state. At this stage, a
and d are arbitrarily chosen representation labels, and A is a generic spectral parameter
independent of a,d. We will later specify the values they have to take in order to match with
the bound state S-matrix in these subsectors. Let us start by selecting w; as our boson v,
and 63 as our fermion 6. Let us also define a basis of this first subsector in the following way:

{10.0)1", 10,01, 10,0)3', [0,0)'}. (6.11)
We first compute
R =[] explfn®e_n1] (6.12)
n>0

in our bound state representation. Because of the fermionic nature of the operators
fn ®e_,_1, the above expression simplifies to

R- = 1+an®67n71

n>0
uf
=1+ Z n+1 foe
n>0 U2
foe
=1- 6.13
oA (6.13)
Considering that this term will act non-trivially only on a state with a fermion in the first
space,’ we easily obtain
1 0 00
0 1 00
R_ = 6.14
0 2df 7 (6.14)
0 0 01

STensor products of generators act according to the rule (X @ Y)|a) ® |b) = (—)¥4 X |a) @ Y|b), where
[x] denotes the fermionic grading of x.
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We have defined
A=A — Ao, (6.15)

Similarly, one finds

Ry = 1_Zen®ffn71

n>0
e® f
=1 6.16
T (6.16)
which, written in matrix form, looks like

10 0 O

01 akb
Ry = oA 6.17
"7 loo 1 0 (6.17)

00 0 1

Let us now turn to the Cartan part. For this, we first need to compute the currents. They
are found to be

h
B =l oy (6:18)

k
Kf=14—"_ )
+35 (6.19)

where we used the fact that both h and k are diagonal operators. In appropriate domains
one then has in particular

——1ogH+ Z{A+€—1 — (A +l—1—=Rp)"rtmt (6.20)

and

log K™ (z42n+1) = logK7(2n+1) +

m

+Z{ —1—2n) (A—1—12n—/g)m}%- (6.21)

Straightforwardly computing the residue and performing the sum yields, in matrix form,

AL SA—asdal 1 0 0 0
P< 1)F( *2“) SA—aada?
r (%A) r <6A+€15a2d2€2> 0 0 1 0

dA—asdals
0 0 02

One can perform an analogous derivation for Ry and find

A tardili+2 IA—ly+2 Lo ! ’
. _
P( PR >P< 2] ) 01 0 0 (6.23)
2 p— . .
R r (&;2) r <5A+a1d12zrzz+2> 00 m g
00 0 Stardily

,15,



Multiplying everything out finally gives us the universal R-matrix in our bound state rep-

resentation:
1 0 0 0
0 1 _ a2d2f2 aldgél 0
R=A| _Digtn »egan ] (6.24)
ON+ar1di 1 N+ai1dil X dol
—Q
0 0 0 5>\+afdfﬁ
where
r (5,\J2rel) r <5A+a1§zlzl+2) r <5)\7§2+2> r (5)\7a22d2£2) .
a DY SAL2 SAtaidifly—bot2 SNEly —asdabs ) '
F(?)F( 2+ )F( +a; 121 2+ >F( +12¢12 22)
For a; = d; = ¢; = 1 this reduces to the formula in [59],
P
Rox1+ —, (6.26)

oA

where P is the graded permutation matrix.
But we can also take a,d to be the representation labels of the supercharges in the
centrally extended psu(2|2) superalgebra, i.e.

+ —

g gr —
- ./ d= ./ -— 6.27
RV V20 ip (6:27)

This corresponds to considering the generators e, f as the restriction to this subsector of
the two supercharges Q} and G}. It is now readily seen that by choosing A to be Lx7, we
can exactly reproduce” the 4 x 4 block (3.5) from (6.24), after we properly normalize it and
introduce the appropriate braiding factors. To normalize, we simply divide the formula
coming from the universal R-matrix by A (6.25). To introduce the braiding factors, we
need to twist it by [42]

Uy H(p1) RU:(p2),

with U(p) = diag(1,e"?/?).

There is also another choice for a,d from the psu(2]2) algebra. Namely, one can also
restrict the supercharges Q3 and G2 to this sector. This means that our parameters a, d
will now become the ¢, b from the bound state representation

(gt
b:\/%% (i——l), c:—\/%c%. (6.28)

Remarkably, in order to match with (3.5), one has to choose \ = 2;—97 and (1 = (3. The
correct braiding factors can be incorporated by means of the inverse of the above mentioned
twist [42].

A similar argument can finally be seen to hold for all the other subsectors corresponding
to different fixed bosonic and fermionic indices.

While it is likely that in the full universal R-matrix (where one is supposed to have at

once all generators of psu(2]2)) some kind of “average” of the two situations will occur,®

"This is similar to the observation in [49] for the the case of the fundamental representation.
®In the fundamental representation, this is exemplified by some of the formulas in [60].
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we have shown here that the S-matrix in these subspaces can be “effectively” described
by the universal R-matrix of DY (gl(1]1)) taken in (two inequivalent choices of) evaluation
representations.

Acknowledgments

One of us (A.T.) would like to thank J. Plefka and F. Spill for an early time collaboration
on the gl(1]|1) sector. The work of G. A. was supported in part by the RFBI grant 08-
01-00281-a, by the grant NSh-672.2006.1, by NWO grant 047017015 and by the INTAS
contract 03-51-6346.

A Revisiting the Y (su(2)) computation
In this appendix, we give the computational details for the su(2) case.

A.1 The factor Rp

Let us first compute how Rp acts on an arbitrary Case I state. We find

[Tel-fo@eral kD) =Y Anlk —m,1+m). (A1)

n>0

The term A,, is built up out of m copies of — f ® e acting on the state (A, B)(C, D), which
is made of an A number of wy’s, a B number of ws’s in the first space, and analogously C
and D for vy, vy in the second space. In view of (A.1), we find that such terms can come
from different exponentials, i.e. with different n’s, or from the same exponential. One first
needs to know how the product of m f’s acts on the state (A, B).

We conveniently define as in the main text

A-B+1

G o= uy — %—i, (A.2)
-D-1

dz‘ = U — 70 9 +i- (A?’)

In general one has

fnm...fmfm(A,B>:fnm...f<u+%> f<u+%> (A, B)

= fon oo f <u+%> 2f(cO)nl (A, B)

— B(CO)anm,,,f(u—F%) 2<A+1,B—1>

= B(B—1)(co)™ (c1)™ fa,, - fas(A+2,B—2)
B!

= mcgl .o (A+m, B —m). (A4)
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Similar expressions hold for e, acting on (C, D), but with d; instead of ¢;, and producing the
state (C'—m, D+m). When we consider terms like this coming from the ordered exponen-
tial (A.1), we always have that n; > n;_1. In case n; = n;;1, we also pick up a combinatorial
factor coming from the series of the exponential. Putting all of this together, we find

Mm

B! C! 1 it c

Ap = (=)™ (I — e

(=) (B—m)! (C—m)! nl<;nmN({n1,...,nm}) d81+1 d”m“itl
1

N, omm}) = sqem—— s, (A.5)

N is a combinatorial factor which is defined as the inverse of the order of the permutation
group of the set {ny,...,n,,}. For example, N({1,1,2}) = % and N({1,1,1,2,3,3,4,5}) =
%% = % By using the fact that ¢; = ¢;41 + 1,d; = d;+1 — 1, one can evaluate this sum
explicitly and find

An(A, B,C, D) = m! <B > <C> Tﬁ ! (A.6)

m/)\m/ >+ co—dyp—i—m-+1’
1=

where we have indicated the dependence on the parameters A, B, C, D of the state we are
acting on. As one can easily see using (5.15), the resulting expression is manifestly of
difference form.

A.2 The factor Ry

Next is the Cartan part. First, we work out

I (A, B) {(A+ 1B [u - %r ~(B+1)A [u— %}n} (A, B).

We then recall the definition of Hy from (5.14). From the explicit realization we give in
the main text it follows that

(A+1)B A(B+1)
H,(t){(A,B)=H_(t){(A,B)=¢1— + A, B).
+(D){4, B) #)i4.B) { u—t—LA-B+1)  u—t—1AB-1) (4, B)
Defining K1 = log Hy, the Cartan part of the universal R-matrix can be written as
d
Ry = H exp [Restw <aK+(t) @ K_(z+2n+ 1)>} , (A.7)
n>0

where the residue is defined in (5.13). We have to find the suitable series representations
corresponding to %KJ’_ (t) and K_(z +2n+1). With an appropriate choice of domains for
the variables ¢ and x, one can write in particular

d
G0 = D fed +of o —afpi (A8)
K (z+2m+1) = K0+ > (8" +5"=5"=#" " (A9)
m>1
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where

(h—Uy%(A+B+U (m:uy—;A+B+1%
agzul—i(A—B—i—l), a4:u1—%(A—B—1),

and
B =ug—2n+ = (D C-1), By =us — 2n + = (D C -3),
fBs =uy —2n+ = (D+C—1) 64:u2—2n—§(D+C+3),

This leads to

21—2(51}, T F(26U+A+B+C—D+2) F(26U+B—A+C+D+2)
Ru(A,B)(C,D) = 2 2 X
F(5u7A+QB+C*D)F(SU7A+B;>07D+2 )F(25quf4chfD)
F(26U_A+2B_C_D) F(Q(Su—A—2B+C—D)

X

= H(A,B,C,D) (A, B)(C,D),

where
ou = uy — un.
A.3 The factor Rg

We will now compute Rg. One has

—

Hexp[ en ® fo1-n]lk, 1) = ZBm|k+ml— m).

n>0

Let us define as in the main text

. C—-D+1
C,‘ZUQ—f—Z,
~ A-B-1
di:ul—f—i-i.

1—\( 25u+A+B4707D+2 )1—\( 25u7AfB:1+C+D+2 )1—\( 26u+A+B4+C+D+4 ) <A’

(A.10)

(A.11)

B)(C, D)

(A.12)

(A.13)

(A.14)

(A.15)

The term By, is this time built up out of m copies of —e® f acting on the state (A, B)(C, D).

One has

€np + - Englny (A, B) = en

=ep, ...€ (u—i— %)"2 e <J0>m (A, B)

n n2
:A<J0) 1enm...e<u—|—¥> (A-1,B+1)

— A(A-1) (JO)’“ @)m en e eng(A—2.B+2)

= dn1 d' (A —m, B +m).

,19,
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Similar expressions hold for f,, acting on (C, D), with ¢; instead of d;, and producing the
state (C'+ m, D —m). From the ordered exponential (A.13) we have now n; < n;_;. In
case n; = n;11, we again pick up the same combinatorial factor as in the calculation of Rp,
coming from the series of the exponential. Putting all of this together, we find

Al D! 1 dpr - d
B,, = 0o__ . _m=L %
(A—m)! (D —m)! mzénm N({ni,...,np})egmtt " gnmil
1

ordS({ni,...,nm})’

where IV is defined as in the formulas for Rp. The sum evaluates at

Bu(A, B,C, D) = m! <A> (D > ﬁl ! (A.18)

mJj\m/) - do—¢—i+m—1
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